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a b s t r a c t

In many haptic applications, the user interacts with the virtual environment through a rigid tool.

Tool-based interaction is suitable in many applications, but the constraint of using rigid tools is not

applicable to some situations, such as the use of catheters in virtual surgery, or of a rubber part in an

assembly simulation. Rigid-tool-based interaction is also unable to provide force feedback regarding

interaction through the human hand, due to the soft nature of human flesh. In this paper, we address

some of the computational challenges of haptic interaction through deformable tools, which forms the

basis for direct-hand haptic interaction. We describe a haptic rendering algorithm that enables

interactive contact between deformable objects, including self-collisions and friction. This algorithm

relies on a deformable tool model that combines rigid and deformable components, and we present the

efficient simulation of such a model under robust implicit integration.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Haptic rendering is the computational technology that allows
us to interact with virtual worlds through the sense of touch. It
relies on an algorithm that simulates a virtual world in a physically
based manner and computes interaction forces, and on a robotic
device that transmits those interaction forces to the user. Haptics
science is a multidisciplinary field that brings together psycho-
physics research for the understanding of tactile cues and human
perception; mechanical engineering for the design of robotic
devices; control theory for the analysis of the coupling between
the real and virtual worlds; and computer science, in particular
computer graphics, for the simulation of the virtual world and the
design of the haptic rendering algorithm [29].

In this paper, we focus on the haptic rendering of objects that
are composed of both rigid and deformable parts. Many of the
objects in the real world, including our own flesh, fit this
description. In particular, our haptic rendering algorithm serves
as the main building block for model-based computation of
direct-hand haptic interaction. The hand is the main tactile sensor
used by humans to capture information from the world [25]. It
allows us to manipulate the world and provides us with two-way
interaction with our environment. Despite the importance of the
human hand for haptic interaction, current haptic devices and
haptic rendering techniques suffer important limitations that
have not allowed hand-based virtual touch to reach its full
potential. Haptic rendering is typically carried out either through
ll rights reserved.
a pen-like robotic device, or through vibrotactile devices. In
addition to hardware limitations, most haptic rendering algo-
rithms are limited to point-based interaction between the user
and the objects in the environment. There are some notable
exceptions, both devices (e.g., exoskeleton structures [23,7,33])
and object-object rendering algorithms, also called 6-Degree-of-
Freedom (6-DoF) haptic rendering [31,39,6].

We follow a strategy for haptic rendering of tool-based contact
where a virtual replica of the tool is simulated in a virtual world,
and haptic interaction takes place through a viscoelastic coupling
between the haptic device and the tool [11]. Following this
strategy, direct-hand touch can be rendered by simulating a virtual
hand as the tool (as shown in Fig. 1), and coupling the device to
this simulated hand. In Section 3, we summarize the adaptation of
a multirate 6-DoF haptic rendering algorithm to model multipoint
contact with objects composed of rigid and deformable parts, such
as a hand. This algorithm does not suffer from the limitations of
traditional single-point contact models for capturing the
interaction between soft fingers and the environment.

In Section 4, taking the hand as an example model, we describe
how to connect rigid and deformable components and how to
actuate them through standard haptic devices. We exploit the
position and orientation tracked by a haptic device to guide the
rigid components of the virtual hand, and we model the coupling
between the rigid and deformable components of the hand using
stiff connections and implicit integration. As a first step toward
full-hand haptic rendering, we consider the hand to be a shape
formed by one rigid component and elastic flesh, and we do not
take into account the articulations of the fingers.

A computational algorithm, described in Section 5, allows us to
simulate a virtual hand using existing implementations of rigid-
body and deformable-body simulations as black boxes. The use of
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Fig. 1. Haptic manipulation of a virtual hand.
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implicit integration couples the degrees of freedom of the rigid
and deformable components of the virtual hand, but our
algorithm allows us to work around these couplings and still
use existing implementations as black boxes.

We show our haptic rendering algorithm applied to the
interaction between a hand model and other complex deformable
objects with friction (see Fig. 5), with several moving deformable
objects (see Fig. 6), and with self-collisions between the fingers
(see Fig. 3). In Section 6, we also analyze the impact of various
parameters of the virtual scene on the computational cost of our
haptic rendering algorithm.
2. Related work

The rendering of haptic interaction with interesting virtual
environments relies to a large extent on the ability to simulate
efficiently effects such as deformations and contact among the
objects in the virtual environment. We refer the reader to surveys
on those topics for more information [18,35,28,47]. The efficiency of
the techniques for solving contact and deformation problems is
growing steadily (see [5,45,20,22,43,40] for some recent examples),
but the complexity of the scenes that can be handled at force-
update rates is still far from desirable. The quality of the force
feedback can be described as the ability to transparently convey
contact and inertial forces during manipulation, while guaranteeing
stable interaction. The range of contact impedances that can be
rendered in a stable manner depends, however, on the force-update
rate [10], and this sets a major challenge when simulating complex
deformations. Measurement-based approaches [26] may decrease
the high update-rate requirements, but it is currently still unclear
how to extend such approaches to model sliding, rolling, or
distributed contact between time-varying objects.

The fundamental approach for modeling complex contact is to
maximize the efficiency of collision detection, dynamics simulation,
and collision response algorithms. In the context of haptic rendering,
researchers have proposed solutions for fast collision detection and
response between rigid bodies [31,24,21], and even collision
response between deformable objects [15,6] (although limited to
certain types of deformations). Others have proposed level-of-detail
algorithms that select the appropriate object resolution based on
contact properties and the available computational time, for either
rigid bodies [38] or deformable bodies [6].

Nevertheless, all such techniques may be limited by scene
complexity and are unable to deliver high-quality feedback forces
at desirable rates. Those techniques are complementary to our
work, because we aim at combining a (possibly slow) visual
simulation of the virtual environment with (fast) haptic rendering
of the contact and deformation forces. Our work lies closer to
earlier approaches that create at run-time a simplified model of
contact and deformations, then use this model for feedback force
updates.

Some multirate rendering approaches define active contact
constraints in the slow thread and use them to compute contact
forces in the fast thread through Signorini’s contact model [14],
penalty-based methods [39], projection of unconstrained accel-
erations [36], or a least-squares solution to Poisson’s restitution
hypothesis for rigid bodies [12]. Others perform approximate
local updates of the contact constraints in the fast loop and then
apply penalty-based forces [21]. Early approaches to multirate
simulation of deformable models considered force extrapolation
[41], meshes of different resolution coupled through Norton
equivalents [2], or local linearized submeshes for approximating
high-frequency behavior [8]. It is also worth noting existing work
on stability analysis of multirate rendering algorithms [4].

The simplest way of coupling a slow-update simulation and
fast-update force computation is the use of a virtual coupling [11]
between the haptic device and a simulation of the handle. Stable
rendering can be obtained by designing a passive simulation of
the virtual environment and tuning the coupling parameters
appropriately. Though stable, the transparency of the rendering
may be highly compromised, because the maximum coupling
stiffness may be rather low. In a multirate approach, however, the
slow-computing simulation also generates an approximate inter-
mediate representation of the interaction with the environment
[1], and this intermediate representation is evaluated for force
feedback. High rendering stiffness is possible in the multirate
approach thanks to the intermediate representation, but render-
ing quality depends on the quality of the approximations.

The focus of our work is on the ability to interact haptically
through objects composed of both rigid and deformable parts. The
most prominent example is our own bone and flesh, and our
haptic rendering algorithm serves as the basis for haptic interac-
tion through the hand. At the current stage of our research, we use
a rather approximate hand model, with soft tissue modeled using
linear co-rotational finite elements [34] and coupled to rigid
components. More sophisticated hand models exist in computer
graphics. One possibility is to employ several captured poses of the
hand and follow a pose-space deformation approach to synthesize
arbitrary hand poses based on internal joint angles [27]. Another
possibility is to employ biomechanical models that account for
internal bone, tendon, and tissue interaction [46].

Classical approaches to haptic rendering of contact between
the hand and objects in the virtual environment have modeled
finger–object contact as a single contact point. The fingertip
is modeled as a soft tissue, and contact forces are computed
using Hertz contact theory [13]. This approach exploits point-
based haptic rendering methods, also called 3-DoF haptic
rendering [49,42].

In contrast to point-based rendering methods, in this work we
advocate simulating a virtual model of the complete hand,
computing contact between the virtual hand and the objects in
the scene, and providing force feedback to the user exploiting the
concept of virtual coupling [11].

Our work bears some similarity to the research of Otaduy and
Gross [37] and of Duriez et al. [14,15]. Otaduy and Gross linearized
the summed contact force and torque acting on a rigid tool w.r.t.
other forces and torques (e.g., due to virtual coupling with the
device). Instead, we build on the approach of Garre and Otaduy [16],
which captures a (locally) linear representation of the contact
between a deformable tool (e.g., the hand model) and other
deformable objects, as well as the internal force between the
deformable part of the tool and a rigid handle. This method is
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qualitatively distinct, as it allows the user to manipulate a
deformable tool. The approach followed to obtain the linear
representation is similar to that of Otaduy and Gross, but ours
accounts for much more complex contact between deformable
objects. Duriez et al. proposed a method that identifies active
constraints in the visual loop, and then solves a constrained
problem with equality constraints in the haptic loop. Contact
forces are transported to the rigid part of the tool, which
is connected to the haptic device through virtual coupling. Their
approach relies on quasi-rigid deformations; hence it cannot
support large deformations. It also suffers an increase of the
computational cost (in the haptic loop) as the number of contacts
grows.

This paper is based on our preliminary work presented in [17].
Some of the key contributions we present in this paper are the
computation of constrained dynamics for a tool composed of rigid
and deformable parts, and the efficient computation of a
linearized contact model for multirate rendering, subject to the
coupling of rigid and deformable parts. Those elements were not
covered in [17], and they are key for obtaining (i) highly realistic
visual simulation of contact for tool objects made of rigid and
deformable parts such as the human hand, and (ii) haptic
feedback with a wide impedance range, even when the visual
simulation runs at frequencies well under the haptic update rate.
Another addition in this paper is an analysis of the computational
cost of the different stages of our algorithm.
Fig. 2. Basic steps of haptic rendering based on handle-space force linearization

[16]. Top: the haptic device is connected to a rigid handle on the hand model,

which is in turn coupled through stiff springs to the rest of the soft hand. Middle: a

proxy of the handle receives a linearized approximation Fc
n of the actual coupling

forces Fc between the handle and the rest of the hand. Bottom: the feedback force

is computed through a two-way virtual coupling between the haptic device and

the proxy handle.
3. Overview of the haptic rendering algorithm

Haptic rendering typically distinguishes interaction through a
tool object from direct interaction with the hand. Tool-based
rendering algorithms simulate a virtual model of the tool and
compute contact between the tool and other objects in the
environment using robust contact-modeling algorithms. Direct-
hand rendering algorithms, on the other hand, track points on the
finger tips and model contact forces based on single-point
penalty-based models (see [13] for an example). Here, we
present a haptic rendering algorithm that allows the use of
deformable tools, and we implement a human hand model as an
example of such deformable tools. The key element in our
algorithm is to simulate a virtual hand model in an analogous
way to the simulation of a virtual tool, and to employ robust
contact modeling methods to compute the interaction between
the virtual hand and other virtual objects. The benefits of our
algorithm include the possibility of modeling rich and complex
frictional contact or even handle self-collisions between fingers
(as shown in Fig. 3). Although here we show our model’s
application to the example of a human hand, our algorithm can
be applied to various types of tools containing rigid and
deformable parts.

3.1. Linking the device, the handle, and the tool

We assume that the haptic device operates in impedance
mode, i.e., it tracks the configuration of the hand and controls the
applied force. We define the configuration of the hand as a set of
rigid frames, i.e., position and orientation. This definition is
applicable, for example, to pen-like haptic devices, which track a
single rigid frame that corresponds to the global configuration of
the hand, or to glove-like devices that track the rigid configura-
tions of several phalanxes.

We associate one rigid component in the virtual hand model
with each rigid frame tracked, and we refer to this rigid
component as a handle. In the case of a pen-like device, the
handle is placed at the palm of the hand, as shown in Fig. 2-top;
and in glove-like devices the handles can be placed at the
phalanxes of the virtual hand model. For the rest of this section,
we will describe a situation with a single handle, as in Fig. 2. As is
also shown in Fig. 2-top, we set a one-directional viscoelastic
virtual coupling between the tracked rigid frame that represents
the configuration of the haptic device and the rigid handle in the
virtual hand. The virtual coupling ensures that the handle follows
the position and orientation tracked in the real world.

The majority of the hand is made of soft tissue; hence, we
model the hand as a deformable object. Following the terminol-
ogy in haptic rendering, the virtual hand model is denoted as tool,
as it is the virtual object commanded by the haptic device. In our
model, we connect the deformable hand or tool and the rigid
handle with stiff springs. In Fig. 2-top, Fc denotes the total
coupling force between handle and tool. Note that the inertial
effects of the hand or of the contact between the hand and other
objects in the virtual environment are transmitted to the handle
through the coupling force Fc.

3.2. Constraint-based simulation

As part of the haptic rendering algorithm, we solve a
constrained dynamics problem involving the deformable hand,
the rigid handle, and possibly other dynamic objects in the virtual
environment. The constrained dynamics solver requires an
efficient solution of the coupled dynamics of the tool-hand and
the handle. The details of the constrained dynamics solver have
been published elsewhere [40], but here we outline its application
to the solution of the coupled dynamics of the complete hand
model.

We denote with subindices h, t, and e quantities related to
the handle, tool, and environment, respectively. The equations of
motion for the handle, the tool and the environment can be



Fig. 3. Self-collision between thumb and other fingers.
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written as

Mh _vh ¼ Fh,

Mt _vt ¼ Ftþ JT
t l,

Me _ve ¼ Feþ JT
el, ð1Þ

and the contact constraints can be written as

Jtvtþ JeveZbl: ð2Þ

Here, JT
t l represent constraint forces acting on the tool, and JT

el
represent constraint forces acting on the environment. Contact
constraints do not act directly on the handle, as we assume that it
is an internal, rigid part of the hand.

We discretize the dynamics equations using implicit integra-
tion [3], which allows the use of large time steps even with stiff
forces. In our case, we have used the semi-implicit Euler method
with linearized forces. Implicit integration yields a linear system
of equations of the form:

AhvhþAhtvt ¼ bh,

AthvhþAtvt ¼ btþ JT
t l,

Aeve ¼ beþJT
el,

Jtvtþ JeveZb: ð3Þ

In this system, the matrices Ah and At are related to the
uncoupled dynamics of the hand and the handle. The matrix Ah is
a dense 6�6 matrix, while At is a sparse, symmetric, positive
definite, 3n�3n matrix, with n the number of nodes in the tool-
hand. The terms Aht and Ath arise due to the implicit integration of
the coupling between hand and handle. The matrix Ae represents
the dynamics of the environment and is of arbitrary size.

The problem above can be regarded as a mixed linear

complementarity problem, which, as discussed in [40], is equiva-
lent to solving a linear complementarity problem of the type:

AllZbl, lZ0: ð4Þ

For the exact formulation of the matrix Al and the vector bl, refer
to [40].

3.3. Linearized tool-handle coupling for multirate rendering

If we want realistic and high-impedance feedback, we need a
high update rate of feedback forces (e.g., 1 kHz). At such a high
rate, it is not possible to compute all the tasks involved in haptic
rendering: collision detection and response, simulation of the
virtual environment, and elastic deformations. Hence, we use a
multirate rendering algorithm based on linearization of the
coupling force in handle space [16]. This algorithm simulates in
a visual loop the constrained dynamics of the hand model as
described above, and computes in a haptic loop the forces to be
transmitted to the user.

In addition to computing the motion of the hand, in the visual
loop, we also compute a linearized version of the coupling forces
between the handle and the rest of the tool-hand. In Fig. 2-center,
Fc
n denotes the linearized coupling force. The details of the

linearization are described in [16], but to summarize, it accounts
for the change in Fc as a function of the handle and tool velocities,
which are in turn expressed as a function of the handle’s state
(i.e., position and velocity) at the beginning of a simulation step.
In other words, the linearized force is expressed as

F�c ðxh,vhÞ ¼ Fcðx0,v0Þþ
dFc

dxh,0
ðxh�x0Þþ

dFc

dvh,0
ðvh�v0Þ, ð5Þ
and the derivative terms are computed as

dFc

dxh,0
¼

@Fc

@xh,0
þ
@Fc

@vh

@vh

@xh,0
þ
@Fc

@vt

@vt

@xh,0
,

dFc

dvh,0
¼
@Fc

@vh

@vh

@vh,0
þ
@Fc

@vt

@vt

@vh,0
: ð6Þ

The key difficulty in the computation of the linearized coupling
force lies in the terms ð@vh=@xh,0,@vh=@vh,0,@vt=@xh,0,@vt=@vh,0Þ,
which depend on the actual active constraints in the problem
from Eq. (4) and are affected by the coupling between rigid handle
and deformable tool. The details of the computation of these
terms are given later in Section 5.3.

While the visual loop computes the simulation of the full
scene, in the haptic loop we simulate a proxy of the rigid handle.
This proxy handle is connected through a two-way viscoelastic
virtual coupling to the input rigid frame of the haptic device.
However, instead of simulating the complete interaction between
the handle and the rest of the virtual hand, we approximate it
using the linearized version of the coupling. This linearized
coupling encapsulates effects such as contact between the hand
and other objects in the environment; therefore, there is no need
for expensive collision detection or simulation of deformations
and contact in the haptic loop. Finally, the feedback force sent to
the user is computed through the virtual coupling between the
input haptic device frame and the proxy handle, as shown in
Fig. 2-bottom. Appropriate force feedback requires that the haptic
device contain a force actuator associated with each tracked rigid
frame. In other words, a pen-like device should provide one global
force, and a glove-like device should provide a force for each
tracked phalanx.
4. Hand model with rigid and deformable parts

To model the elasticity of the hand (our deformable tool), we
use a linear co-rotational finite element model [34]. To apply the
haptic rendering algorithm described in the previous section, we
need to identify a rigid handle for each rigid frame tracked by the
haptic device. In our case, using the Phantom Omni as the haptic
device, we need one rigid handle. We choose to locate the rigid
handle at the palm of the hand model. We need to define the
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rigid-body properties of the handle, but we do not want to sculpt
a separate 3D model. Therefore, given the tetrahedral mesh of the
whole hand, we define the rigid handle by selecting a seed point
in the palm and collecting all hand nodes inside a sphere centered
at the seed. Fig. 4 depicts a 2D example of hand and handle
design.

4.1. Dynamics equations with rigid and deformable parts

The state xt AR3n and velocity vt AR3n of the deformable hand
(a.k.a. the tool) are defined by the positions and velocities of all
the n nodes that form the tetrahedral mesh used for the dynamic
simulation. The state xhAR7 of the handle, on the other hand,
comprises the position of its center of mass xcom and its
orientation, defined as a quaternion qh. The velocity vhAR6 of
the handle comprises the velocity of the center of mass vcom and
the angular velocity xh. For clarity, here we summarize all state
and velocity vectors as column vectors:

xt ¼ ðx
T
1,xT

2, . . . ,xT
nÞ

T , xh ¼ ðx
T
com,qT

hÞ
T ,

vt ¼ ðv
T
1,vT

2 , . . . ,vT
nÞ

T , vh ¼ ðv
T
com,xT

hÞ
T : ð7Þ

The mass matrix of the tool hand Mt is defined by lumping masses
at the nodes, i.e.,

Mt ¼

m1I3�3 0 . . . 0

0 m2I3�3 ^

^ & 0

0 . . . 0 mnI3�3

0
BBBB@

1
CCCCA: ð8Þ

The mass matrix of the handle is defined as

Mh ¼
mhI3�3 0

0 Mq

 !
, ð9Þ

where mh is the total mass of the rigid handle, and Mq is its inertia
matrix. We compute the mass and inertia properties of the handle
from the lumped masses of the selected hand nodes [32].

To couple the hand and the handle, we set stiff damped springs
between pairs of corresponding nodes of both models. The springs
model two-way coupling as a vector of internal forces Fc. Given
that the hand and handle are co-located when they are created,
Fig. 4. Given the mesh of the deformable hand, we construct the rigid handle

(in green) by picking a seed point in the palm and collecting all hand nodes inside

a sphere centered at the seed. We couple the hand and the handle using stiff

damped springs (in blue). Note that the hand and the handle are co-located when

they are created, hence the coupling springs have zero rest length. In the figure,

the hand and handle are artificially separated for clarity. (For interpretation of the

references to color in this figure legend, the reader is referred to the web version of

this article.)
these springs have zero rest length. This fact largely simplifies the
formulation of the spring force, which becomes linear in the
positions of the end points. Let us consider a spring between a
node xA of the hand and a point xB on the handle (as shown in
Fig. 4), with velocities vA and vB. Then, the force FA acting on the
node of the hand can be written as

FA ¼�kðxA�xBÞ�dðvA�vBÞ

with xB ¼ xcomþRhrB

and vB ¼ vcomþxh � ðRhrBÞ: ð10Þ

Note that the position and velocity of the point xB are expressed in
terms of the handle state and velocity vectors, with Rh a rotation
matrix that represents the orientation of the handle, and rB the
position of xB in the local reference frame of the handle. The
coefficients k and d are the stiffness and damping parameters of
the spring.

Likewise, the opposite force acting on the handle is FB¼�FA,
while the torque can be written as

TB ¼ ðRhrBÞ � FB: ð11Þ

In order to ensure stiff yet stable coupling between the hand
and the handle, we integrate the dynamics equations using
implicit integration methods. Without coupling springs, the
dynamics equations of the hand and the handle can be solved
separately, but the coupling also couples the systems of
equations. In Section 5, we present an algorithm for solving the
coupled hand and handle dynamics.

4.2. Coupling terms under implicit integration

Implicit integration of the dynamics yields Eq. (3). We will
focus here on the terms Aht and Ath, which arise due to the
coupling between hand and handle.

With implicit Euler, the matrix Aht is formulated as

Aht ¼Mht�Dt
@Fh

@vt
�Dt2 @Fh

@xt
: ð12Þ

Here, the term Mht¼0 because there is no mass coupling between
handle and hand. The term @Fh=@vt represents the Jacobian of the
coupling forces (and torques) acting on the handle w.r.t. hand
velocities. We leave this term to the reader, as it is less complex
than the term @Fh=@xt , which represents the Jacobian of the
coupling forces acting on the handle w.r.t. the hand state. This last
term can be decomposed in a block representation as follows:

@Fh

@xt
¼

@Fh

@x1
. . .

@Fh

@xn

� �
: ð13Þ

Each 6�3 submatrix captures the Jacobian of the coupling force
and torque acting on the handle w.r.t. the position of one node of
the tool hand. Then, the terms for hand nodes {xi} that are not
connected by springs to the handle are @Fh=@xi ¼ 0, and the non-
zero terms capture the Jacobian of one and only one spring.

The matrix Ath in Eq. (3) is computed similarly as

Ath ¼Mth�Dt
@Ft

@vh
�Dt2G

@Ft

@xh
: ð14Þ

Here, the matrix G relates the angular velocity of the handle to the
derivative of its orientation (represented as a quaternion in our
case) [44]. The term @Ft=@xh is formed by rows @Fi=@xh, which
represent the Jacobian of the coupling force acting on nodes xi of
the hand w.r.t. the velocity vector of the handle. As in the
observation discussed earlier, a non-zero term @Fi=@xh refers to
one and only one coupling spring between the hand and the
handle.
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From the above derivation, the assembly of the matrices Aht

and Ath is reduced to computing the Jacobians of the coupling
spring forces described in Section 4. Recall that FA in Eq. (10)
represents a spring force acting on the node xA of the tool hand,
FB¼�FA represents the force acting on the handle, and TB

in Eq. (11) represents the spring torque acting on the handle.
The Jacobians in @Fh=@xA and @FA=@xh can then be computed as

@FB

@xA
¼ kI,

@TB

@xA
¼ ðRhrBÞ �

@FB

@xA
,

@FA

@xcom
¼ kI,

@FA

@qh

¼ k
@ðRhrBÞ

@qh

þd �xh �
@ðRhrBÞ

@qh

: ð15Þ

With a handle quaternion defined as qh¼(uh,sh), the derivative of
the rotated vector RhrB w.r.t. the quaternion can be computed as

@ðRhrBÞ

@qh

¼ ðrT
BuhIþuhrT

B�2shr�BþðrB � uhÞ
�
�u�hr�B, 2shrBþ2uh � rBÞ,

ð16Þ

where rB
n is the skew-symmetric matrix that represents a cross

product rB� as a linear transformation.
5. Implicit solution for rigid and deformable parts

As part of the haptic rendering algorithm, we need to solve a
constrained dynamics problem involving the deformable hand,
the rigid handle, and possibly other dynamic objects in the virtual
environment. Then, the coupling force between the tool-hand and
the handle must be linearized w.r.t. the handle state, accounting
for contact constraints and inertial effects. Both the constrained
dynamics solver and the linearization require an efficient solution
to the coupled dynamics of the tool-hand and the handle. Here,
we describe in detail our novel algorithm for efficiently solving
the coupled dynamics of the complete hand model in the three
following settings: unconstrained motion, constrained motion,
and coupling force linearization.

5.1. Resolution of the unconstrained system

At every time step of the dynamics simulation, the computa-
tion of the unconstrained handle and tool-hand velocities requires
the solution to the linear system in Eq. (3) (without the contact
constraints). One possibility could be to formulate one large
system containing all equations and the use of a state-of-the-art
linear system solver to compute all velocities at once. However,
this possibility suffers from two disadvantages: (i) the matrices
Aht and Ath might be rather dense if the handle is large (i.e., it
contains many nodes of the hand), thereby complicating the use
of solvers for sparse systems, and (ii) the choice of solver would
require knowing the particular characteristics of the matrices Ah

and At, and hence the implementations of rigid body simulation
(for the handle) and deformable body simulation (for the hand)
could not be interpreted as black boxes in the coupled
implementation, thereby complicating the job of the programmer.

Instead, we propose a solution to Eq. (3) that can treat the
rigid-body simulation and the deformable-body simulation
as black boxes, and does not require implementing additional
linear-system solvers. Our solution is based on a sequential
solution of vt and vh based on the computation of a Schur
complement [19] in Eq. (3). We first single out vt in the second
row of Eq. (3) as

vt ¼A�1
t ðbt�AthvhÞ: ð17Þ

We then substitute the result in the first row, which yields the
following linear system:

ðAh�AhtA
�1
t AthÞvh ¼ bh�AhtA

�1
t bt : ð18Þ

Here, Ah�AhtAt
�1Ath is the Schur complement of At. The velocity

of the handle, vh, can be solved through Gaussian elimination
in Eq. (18). Then, the solution is plugged into Eq. (17), and we
solve for the velocity of the tool, vt. Note that we do not invert At

in Eq. (17); we use a sparse linear system solver.
The reader may observe that there are two options for solving

Eq. (3) in a sequential manner using Schur complements. Our choice,
which formulates the Schur complement of At, requires the solution
to 8 large linear systems of the form Ats¼r: 1 in the computation of
the right-hand side in Eq. (18), 6 in the computation of At

�1Ath (one
per column of Ath), and 1 in the final computation of vt in Eq. (17).
We speed up these solutions by pre-computing a Cholesky
factorization of At once every visual simulation step (with the
TAUCS library [48]). The other choice, which formulates the Schur
complement of Ah, may suffer from dense matrices. The term
AthAh

�1Aht would contain a non-zero block for each pair of nodes of
the hand connected to the handle, and its density would grow with
the size of the handle. Our solution, on the other hand, scales linearly
(as desired) with the number of nodes in the handle.

5.2. Resolution of the constrained system

The solution to the constrained problem follows a similar
approach of Schur complement computation, but requires further
steps. We first single out vt in the second row of Eq. (3) as

vt ¼A�1
t ðbtþ JT

t l�AthvhÞ: ð19Þ

We then substitute the result in the first row, which yields the
following linear system:

~Ahvh ¼
~bhþ

~J
T

hl with

~Ah ¼Ah�AhtA
�1
t Ath,

~bh ¼ bh�AhtA
�1
t bt ,

~J
T

h ¼AhtA
�1
t JT

t : ð20Þ

The most efficient way to formulate the terms above is to first
compute AhtAt

�1, which requires the solution to 6 large sparse
linear systems.

Substituting vh in Eq. (19), we obtain

Atvt ¼
~btþ

~J
T

t l with

~bt ¼ bt�Ath
~A
�1

h
~bh,

~J
T

t ¼ JT
t�Ath

~A
�1

h
~J

T

h : ð21Þ

The formulation of this system of equations is fairly inexpensive,

as the computation of ~A
�1

h implies only the inversion of a small

6�6 matrix. The possible drawbacks of the Schur complement

approach arise in the modified constraint matrix ~J
T

t . The more

nodes of the tool are linked to the handle, the denser the modified
constraint matrix.

As a result of the Schur complement computation, the
constrained system in Eq. (3) can now be written as

Atvt ¼
~btþ

~J
T

t l,
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Aeve ¼ beþJT
el,

Jtvtþ JeveZbl, ð22Þ

where the velocity of the handle, vh, has been eliminated from the
equations. This new system is a standard mixed linear comple-
mentarity problem, which we solve following the method
described in [40]. Once the contact forces l are computed, we
can prune the active constraints, and Eq. (4) turns into an
equality-constrained problem

All¼ bl: ð23Þ

Given l, we solve for the tool and handle velocities by
substitution into Eqs. (21) and (20):

vt ¼A�1
t ð

~btþ
~J

T

t A�1
l blÞ,

vh ¼
~A
�1

h ð
~bhþ

~J
T

hA�1
l blÞ: ð24Þ

5.3. Linearization of the coupling force

The computation of the linearized coupling force, outlined in
Section 3.3, requires the derivative terms in Eq. (6). From this set
of derivatives, @Fc=@xh,0 is expressed in Eq. (15), and the derivatices
w.r.t. velocities @Fc=@vh and @Fc=@vt can be obtained in a similar
way. The rest of the terms ð@vh=@xh,0,@vh=@vh,0,@vt=@xh,0,@vt=@vh,0Þ

can be obtained by differentiation of Eq. (24), such as

@vh

@xh,0
¼ ~A

�1

h

@ ~bh

@xh,0
þ ~J

T

hA�1
l

@bl

@xh,0

 !
: ð25Þ

These derivatives do not suffer particular complications induced
by the handle-tool coupling, because the Schur complement
formulation already deals with the coupling terms. In our
implementation, we have approximated the derivatives by approx-
imating the matrix Al. This matrix is typically dense and large, but
we consider only its diagonal terms, which amounts to considering
Fig. 5. Virtual hand touching a bunny model. Notice the large deformations (in particu

out between the fingers in the rightmost figure), and friction effects, all computed inte

Fig. 6. Our haptic rendering algorithm also serves to touch m
different contacts to be inertially decoupled. Note that we only
diagonalize Al in the computation of the linearized coupling model,
not in the actual solution of constrained dynamics in the visual loop.

Computing the derivatives @bl=@xh,0 requires solving several
linear systems that involve At. Specifically, we need to solve
2� (6+7)¼26 linear systems in total. We speed up these
solutions by reusing the Cholesky factorization of At, as discussed
in Section 5.1.
6. Experiments

We executed our experiments on a quad-core 2.4 GHz PC with
3 GB of memory (although we used only two processors, for the
visual and haptic loops) and a GeForce 8800 GTS. We manipulated
the models using a Phantom Omni haptic device from SensAble
Technologies.

We tested our algorithm with some 3D scenarios consisting of
one deformable tool (a model of a human hand, in most
experiments) and a set of rigid and deformable objects. A video
showing some of our experiments can be downloaded from
http://www.gmrv.es/�cgarre/DivX_GarreOtaduyCG.avi.

Fig. 5 shows situations with large-area contact, intricate
contact, and large deformation when touching a bunny model.
For the bunny, we used a surface mesh with 4000 triangles for
collision detection and a tetrahedral mesh with 271 tetrahedra for
the deformation. Fig. 6 depicts several snapshots of a scene where
the virtual hand interacts with moving letters. The letters were
modeled with meshes with 175 triangles and 65 tetrahedra on
average. Fig. 3, on the other hand, shows that we can also handle
self-contact among fingers of the hand itself. We have also tested
other deformable tools, such as an alien toy, another bunny, and a
sword, as seen in Fig. 7.

To evaluate the computational cost of our algorithm, we
obtained statistics from a simulation where the hand tool touches
a single rigid object. The hand followed a prescribed trajectory
to guarantee the same motion in all simulations. We collected
results for three different sizes of the triangle mesh of the hand
model (700, 2100, and 6300 triangles) and three different sizes of
lar in the leftmost figure), large-area contact, intricate contact (see the ear sticking

ractively using our algorithm.

oving objects (such as the letters) with a virtual hand.

http://www.gmrv.es/&sim;cgarre/DivX_GarreOtaduyCG.avi
http://www.gmrv.es/&sim;cgarre/DivX_GarreOtaduyCG.avi


Fig. 7. We have tested various tools with rigid and deformable parts.
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Fig. 8. Computational cost of the different stages of the algorithm. Left: varying the size of the triangular mesh. Right: varying the size of the tetrahedral mesh.
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the tetrahedral finite element mesh (200, 800, and 1800
tetrahedra). We measured the average time spent in the different
stages of the visual loop of our haptic rendering algorithm,
i.e., collision detection, unconstrained dynamics, constrained
dynamics, and linearized force model computation. With the
finest discretizations, the simulation cost reaches levels that
border the minimum admissible rate for the update of the
linearized force model. Note that, despite the time spent in the
visual loop, the haptic loop is guaranteed to run at 1 kHz in our
multirate rendering algorithm.

Fig. 8 shows the average cost for the different stages of our
solver. In Fig. 8-left, we compare the cost when using different
triangle mesh sizes. It is clear that, thanks to a decoupling of the
tetrahedral finite element mesh from the surface triangle mesh, the
size of the triangle mesh affects only the cost of collision detection,
and the cost of the rest of the algorithm remains fixed. In Fig. 8-
right, we compare the cost of using different tetrahedral mesh sizes.
In this case, the situation is almost the opposite. The number of
tetrahedra does not affect the collision detection stage, but it clearly
affects the rest of the algorithm, in particular the computation of the
linearized model and the unconstrained dynamics solution. The cost
of these two stages grows approximately linearly with the number
of tetrahedra. In all simulations, the rigid handle covered 100 nodes
of the tetrahedral tool mesh.

The visual simulation runs at an average of 50 fps in situations
with contact, while, as mentioned earlier, feedback forces are
computed at a frequency of 1 kHz. To a large extent, the high
efficiency of the constrained dynamics simulation is obtained due
to our efficient handling of the implicit coupling between the rigid
and deformable components of the hand model.
7. Discussion and future work

We have presented a haptic rendering algorithm for comput-
ing force interaction through deformable tools such as a human
hand. Our algorithm differs from previous rendering algorithms in
that it employs a deformable tool model that couples rigid and
deformable components, and we have presented a computational
algorithm that efficiently solves implicit integration under such
coupling, thus allowing effective haptic rendering.

Our proposed algorithm constitutes a step forward toward
full-hand haptic interaction, but there are still unsolved problems.
We plan to extend our implementation to hand models that
combine soft tissue and an articulated model for the skeleton. The
associated challenges deal mostly with the extension of virtual
coupling approaches to the articulated skeleton. We will consider
solutions for modeling skeletal posture statistically from a few
tracked phalanxes [9] and control approaches for synthesizing
posture from sparse data [30].

We are also interested in the evaluation of our model in terms
of perception, in aspects such as sensory substitution from full-
hand touch to a stylus-type device. In full object-object interac-
tion, the tool is often constrained in orientation. Even though our
model is able to compute torque feedback, our current 3-DoF
device is not capable of transmitting this torque, and the user
does not perceive orientation constraints. An even more serious
problem due to the 3-DoF device is the possible lack of passivity,
which may turn the simulation momentarily unstable under fast
rotational contact.

We are also adapting our haptic rendering algorithm to
exoskeleton haptic devices, which would enable tracking of and
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force-feedback application to each finger independently. While
designing our algorithm, we have encountered several alterna-
tives for the specifics of the linearization, and we are currently
analyzing these alternatives.
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