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Abstract—Haptic interfaces offer an intuitive way to interact with and manipulate 3D datasets, and may simplify the interpretation of

visual information. This work proposes an algorithm to provide haptic feedback directly from volumetric datasets, as an aid to regular

visualization. The haptic rendering algorithm lets users perceive isosurfaces in volumetric datasets, and it relies on several design

features that ensure a robust and efficient rendering. A marching tetrahedra approach enables the dynamic extraction of a piecewise

linear continuous isosurface. Robustness is achieved using a continuous collision detection step coupled with state-of-the-art

proxy-based rendering methods over the extracted isosurface. The introduced marching tetrahedra approach guarantees that the

extracted isosurface will match the topology of an equivalent isosurface computed using trilinear interpolation. The proposed haptic

rendering algorithm improves the consistency between haptic and visual cues computing a second proxy on the isosurface displayed

on screen. Our experiments demonstrate the improvements on the isosurface extraction stage as well as the robustness and the

efficiency of the complete algorithm.

Index Terms—Volume haptics, Marching tetrahedra, isosurface, proxy-based haptic rendering
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1 INTRODUCTION

VOLUMETRIC data representations are very popular
among the scientific community, notably in medicine,

thanks to acquisition techniques such as Magnetic Reso-
nance Imaging (MRI), Nuclear Magnetic Resonance Imag-
ing (NMRI), Computed Tomography (CT) and Confocal
Microscopy (CM) [1], [2].

The quality of the images obtained from those acquisi-
tion techniques greatly improved over the years.
Alongside those technologies, the volume rendering tech-
niques dedicated to visualization also enjoyed consider-
able enhancements. Nevertheless, the interpretation of
dense volumetric datasets using only the visual channel
remains a challenging task, especially when dealing with
complex datasets.

Haptic interfaces offer a complementary sensory channel
to interact with and manipulate 3D data. There are many
successful examples combining visual and haptic interfaces
for scientific visualization of multi-dimensional data and
manipulation of large datasets, helping in research and
comprehension tasks [3], [4], [5], [6]. In the case of volu-
metric data, volume haptics complement the visual cues of
volume graphics, providing help in guidance and an
improvement in information analysis [7]. The computa-
tion and display of forces that result from the interaction
with digital objects or datasets is referred to as haptic ren-
dering [8].

This work presents a robust volume haptic rendering
algorithm enabling users to feel an isosurface directly from
volumetric datasets. Robustness refers here to the algorithm
capacity to avoid fall-through problems. The algorithm
adapts proxy-based haptic rendering algorithms for naviga-
tion along isosurfaces. Coherent structures in the data are
typically characterized by clusters of points with similar
data values, therefore the navigation along isosurfaces may
help users to perceive and understand the different struc-
tures in the dataset.

For visual rendering, we rely on state-of-the-art high-
quality isosurface extraction methods based on trilinear
interpolation [9], [10]. For haptic rendering, which must be
executed at a much higher rate, we propose to extract a
piece-wise linear isosurface instead, using a marching tetra-
hedra (MT) algorithm. Topological differences between the
visual and haptic isosurfaces may produce inconsistent sen-
sory stimuli. As a solution, we introduce an isosurface
extraction method that retains the computational efficiency
of piece-wise linear interpolation, but matches the topology
of trilinear interpolation.

Our algorithm was designed according to the following
desiderata:

� Isosurface navigation must be free of fall-through
problems.

� It should allow the exploration of the full dataset,
both in space and range of values, to enable the identi-
fication of potential structures at different isovalues.

� The haptic isosurface should be topologically equiv-
alent to the visual isosurface.

� It must be computationally efficient, to ensure hard
real-time haptic updates.

� It should support local modifications to the data, as
well as time-varying data.

� It should enhance the consistency between the visual
and haptic feedback.
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The algorithm fulfils all the previous features thanks to
the following properties:

� Even though the algorithm relies only on local data,
the underlying isosurface is continuous. This prop-
erty, combined with our continuous collision detec-
tion algorithm, prevents fall-through problems.

� Isosurfaces are extracted dynamically.
� Each step of the rendering algorithm extracts only a

local portion of isosurface, which ensures computa-
tional efficiency.

� Continuous collision detection relies on two
extremely simple fundamental tests, tetrahedron-tra-
versal tests and one plane-intersection test per tetra-
hedron, without the need for acceleration data
structures.

� The isosurface changes smoothly in response to
changes in the target isovalue, again helping the abil-
ity to explore the complete dataset.

� A new visual proxy is computed on the visual isosur-
face based on the position of the proxy on the haptic
isosurface.

Fig. 1 resumes, in a 2D illustration, the different concepts
above mentioned and detailed in this paper: trilinear inter-
polation, visual isosurface, haptic isosurface, tetrahedriza-
tion, haptic proxy, visual proxy and the haptic device
position. This square is a 2D representation of a grid cell of
a volumetric dataset. The values at each corner are known.
The interior density values are calculated using trilinear
interpolation. The resultant scalar field is drawn using a
transfer function. The black segment shows the distance
between the haptic feedback and the proxy used to compute
the force feedback, see Eq. (11).

This paper is an extension of our previous work [11]. We
inherit the constraint-based isosurface navigation algo-
rithm, but we incorporate the novel isosurface extraction
method. This paper is organized as follows: Section 2 pro-
vides a summary of related work. Section 3 details the
isosurface extraction. Section 4 describes the haptic ren-
dering algorithm per se and the computation of the visual
proxy. Section 5 evaluates the benefits of the new Topol-
ogy Preserving Body Cubic Centered (TPBCC) decompo-
sition as well as its performance impact on the haptic

rendering loop. Finally, Section 6 concludes and details
future research directions.

2 RELATED WORK

In general, volume haptic rendering methods can be
grouped into two categories. A first category of methods
renders forces that depend only on the value of the dataset
at the exact location of the haptic interface point (HIP), and
we refer to these methods as local. A second category of
methods renders forces that depend on geometric structures
obtained from a broader analysis of the dataset, such as iso-
surfaces, and we refer to these methods as structural.

Local methods process datasets at the current location of
the haptic device in order to compute a force as a function
of the data value [12], [13]. Early local methods used trans-
fer functions to convey isosurface information [14]. The
main advantage of these methods is their ability to render
many different types of data, e.g., scalar, vector or tensor
data. They are typically intended as a way to provide sup-
plementary channels for high-dimensional data. Yet, their
main disadvantages are the difficulty to convey global
structure and the fact that the displayed force may disrupt
the user’s intent, because it is difficult to remain stationary
at a point of interest while the user perceives a net force.

Structural methods, on the other hand, typically render
isosurfaces on volumetric datasets and let the user change
the desired isosurface value to explore the complete
volume [15]. Users may navigate along isosurfaces and
obtain global information about the structure of the data.
Isosurfaces work best with scalar data; otherwise, some con-
version from high-dimensional data to scalar values is nec-
essary. A much more common approach consists in using
the Marching Cubes (MC) algorithm [16] or some of its var-
iants. Since its introduction, numerous attempts were made
to improve the performance and the quality of resulting sur-
faces of MC, notably for large datasets. The visualization
community, where MC originated, has widely discussed
topological ambiguity problems [17], and several solutions
have been proposed [18], [19]. Nielson and Hamann [20]
focused on the ambiguities in the faces of a grid cell; Natara-
jan [21] and Chernyaev [22] showed the existence of addi-
tional ambiguities in the interior of a grid cell and how to
deal with them. In both cases, the key to handle the ambigu-
ities is to take into account the saddle points of the trilinear
interpolant (bilinear interpolant in the case of the faces) rep-
resenting the isosurface in a grid cell. Lopes and Brodlie [9]
build upon the previously mentioned improvements and
propose a global overview of an algorithm to extract an iso-
surface of good quality. Despite the possible solutions to the
ambiguity problem, MC may produce local isosurfaces with
multiple connected components on each cell, each com-
posed of multiple planar segments. Our approach yields at
most one planar segment per tetrahedron, which largely
simplifies continuous collision detection.

It is also possible to use a MT algorithm for isosurface
extraction from tetrahedral meshes [23], [24], [25]. The
Topology Preserving Tetrahedra Decomposition (TPTD)
algorithm presented by Sohn [26] is an equivalent approach
to [9] for MT. The dynamic decomposition is divided into
five cases. The resulting decomposition counts between

Fig. 1. The orange disk represents the visual proxy, the red disk repre-
sents the haptic proxy, and the blue disk represents the haptic device.
The blue curves represent the visual isosurfaces obtained from the
interpolated scalar field. The orange lines show the piecewise linear
extracted isosurfaces, computed from the voxel decomposition in trian-
gles (black dotted lines).
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6 and 30 tetrahedra. In the simplest cases, the choice of six
tetrahedra was made to avoid additional connection points.
Both MC and MT have been employed in several haptics
systems [27], [28], [29].

The work of Lundin et al. [7], [30], [31] is relevant in the
area of point-based volume haptic rendering. Their work
combines isosurface rendering with dynamic adaptation of
the isosurface using the concept of penetrability, to natu-
rally give the user global information. Their algorithm uses
a Gradient-Based Isosurface Definition (GBID), i.e., the
reconstructed isosurface depends only on the gradient at
the current position. Others have introduced additional
modifications [32]. Despite the benefits of their approach, it
also suffers some limitations, because the isosurface is not
guaranteed to be continuous at grid cell transitions. Our
approach, based on isosurface extraction from a tetrahedral
grid, ensures surface continuity.

In their work focused on virtual-reality-based surgical
simulation, Chan et al. [28] presented a method for haptic
rendering of deformable isosurfaces embedded within volu-
metric data. Their haptic rendering is a proxy-basedmethod.
Defining the isosurface through an implicit distance function
and a gradientmeasurement, theywere able to locate contact
points on the isosurface by means of an interval bisection
approach. Our Continous Collision Detection (CCD) step
relieves us from having to use this type of optimization
methodwhile updating the proxy on an isosurface.

Proxy tools such as [28] are increasingly popular but
single-point haptic rendering is still an active research area.
Recently, Knott and Kuhlen [33] proposed a single-point
haptic rendering approach for polygonal meshes using
additional geometric information for a preventive collision
response. The proposed contact model uses limited contact
constraints reflecting the extent of the geometric features
they correspond to, as opposed to the usually employed
infinite half planes. Along with this new constraint formula-
tion, they presented a solver for the dynamic complemen-
tarity problems created by the proposed time stepping
implementation. The authors reported an experiment dem-
onstrating that their technique alleviates the problem of
over-constrained configuration spaces.

Vlasov et al. [34] presented a volumetric haptic rendering
method similar to our approach. Same as in our algorithm,
the proxy is progressively updated, one cell of the volumet-
ric dataset at a time, toward the position of the haptic
device. One notable difference between the two approaches
is that we use a sub-cell resolution using the tetrahedra sub-
division. Their method uses a ray-casting technique for col-
lision detection, checking for each grid cell if the associated
density value corresponds to what they refer to as “an
obstacle”. Collision responses was handled with a path
finding approach.

Haptic rendering of implicit surfaces is also closely
related to volume haptics. The works of Salisbury and Tarr
[35] and Kim et al. [36] presented iterative methods to ren-
der nonlinear implicit functions, and as such they could be
used to render the isosurface produced by trilinear interpo-
lation. However, our method is considerably faster, as it
avoids iterative searches altogether thanks to the extraction
of a piecewise linear surface. In addition, those methods
did not guarantee the detection of all possible surface

interpenetrations, as they did not perform global consis-
tency tests. Our constraint-based rendering algorithm ana-
lyzes all cells of the volume dataset along the path of the
probe to ensure that the isosurface is never missed.

As previously mentioned, this work is based on the
algorithm introduced in [11]. This new implementation
improves the isosurface extraction step with a new method
which guaranties that the topology of the extracted isosur-
face will match the topology of a trilinearly interpolated
isosurface. As detailed in the following section, this
improvement is achieved using our new TPBCC decompo-
sition instead of our previous Body Cubic Centered (BCC)
decomposition in our marching tetrahedra algorithm. This
new approach also adds the notion of “visual proxy”, a sec-
ondary proxy restrained on the isosurface displayed on
screen that aims at improving the visuo-haptic consistency.

3 ISOSURFACE EXTRACTION

This section first defines the terminology that will be
employed. Second, it presents the rules corresponding to
the partition of the 3D dataset using the BCC decomposi-
tion. We will then explain the benefits and drawbacks of the
TPTD approach compared to BCC before introducing our
new TPBCC decomposition method which makes the most
of both approaches. Finally, we will recall general proper-
ties of isosurface extraction inside one tetrahedron. Those
properties are valid for any decomposition method.

3.1 Context and Definitions

Let V refer to a visual isosurface andH refer to a haptic isosur-
face. Our haptic rendering algorithm extracts haptic isosurfa-
ces using a Marching Tetrahedra (MT) approach. MT applies
a set of rules to create a set of tetrahedra partitioning each cell
of the 3D grid. The goal of any MT algorithm is to choose the
vertices of the tetrahedra for the partitioning to best approxi-
mate V while satisfying some predefined criteria, e.g., small
number of tetrahedra, symmetry, topology correctness.

Once the cubic lattice is converted into a tetrahedral lat-
tice, a local portion of H can be extracted from each tetrahe-
dron in a consistent manner.

Let D refer to the regular 3D grid representing the volu-
metric dataset, i.e., a scalar field sampled regularly on a
cubic lattice. Each vertex of D, corresponding to a discrete
position in space, is assigned a normalized scalar density
value d (unitless values between 0 and 1).

Let C represent a unit cell of D. Each vertex of C is
assigned a density value di with i 2 f0; 1; . . . ; 7g as shown in
Fig. 2a.

We compute V using trilinear interpolation in all the unit

cells C in D. Let Fc be a trilinear interpolant inside C and Ff

be a bilinear interpolant inside a face of C. These two poly-
nomial functions are defined as follows:

Fc :
½0; 1�3 ! Rþ

ðx; y; zÞ 7! aþ bxþ gyþ dzþ
�xyþ hxzþ nyzþ rxyz

������ (1)

with a ¼ d0, b ¼ ðd3 � d0Þ, g ¼ ðd4 � d0Þ, d ¼ ðd1 � d0Þ, � ¼
ðd7 þ d0 � d3 � d4Þ; h ¼ ðd2 þ d0 � d4 � d1Þn ¼ ðd5 þ d0 � d4 � d3Þ,
r ¼ ðd6 þ d3 þ d4 þ d1 � d0 � d5 � d2 � d7Þ
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Ff :
½0; 1�2 ! Rþ

ðx; yÞ 7! a0 þ b0xþ g 0yþ d0xy

���� (2)

with a0 ¼ d0, b0 ¼ ðd3 � d0Þ, g 0 ¼ ðd4 � d0Þ, d0 ¼ ðd0 þ d7�
d3 � d4Þ for the face z ¼ 0.

Given an isovalue t, its corresponding isosurface V is
defined as:

VðtÞ ¼ fðx; y; zÞjFcðx; y; zÞ ¼ tg: (3)

V is a nonlinear continuous surface which is smooth
inside each cell C. MT allows the extraction of H, a continu-
ous piecewise linear approximation of the isosurface. Both
of these isosurfaces are continuous within the whole
volumeD. Contrary to V,Hmaintains a continuous orienta-
tion only inside each tetrahedron. The linearity of H offers
computational advantages. The counterpart is the loss of
smoothness and visual appeal of the surface.

3.2 Static Decomposition: BCC

Chan and Purisima [37] originally introduced the BCC
decomposition. The BCC lattice adds a central vertex vc

in the middle of C. The density value associated with vc

is computed using the trilinear interpolant Eq. (1). We
build on BCC for its symmetry properties and its promis-
ing behavior when dealing with noisy data [38]. The orig-
inal BCC needs to process two cubes of the lattice in

order to recover an isosurface patch. We add a vertex vf

at the center of each face of C. Even if this modification
results in a higher number of tetrahedra per cell, it
allows the isosurface extraction algorithm to deal with a
single cell at a time instead of two. Indeed, the tetrahedra
of the regular BCC lattice span two grid cells. The den-

sity value associated with vf is computed using the bilin-
ear interpolant Eq. (2). Our version of BCC always
produces 24 tetrahedra per grid cell. Figs. 2b and 2c illus-
trate the decomposition in two steps for an easier
representation.

Besides its nice properties, the BCC decomposition
remains a static decomposition. All the grid cells are consis-
tently decomposed the same way, i.e., the vertices chosen to
create the tetrahedra are always placed at the center of C
and at the center of its faces, regardless of the density values
d0 to d7. Unfortunately, as mentioned in the introduction,
the BCC lattice does not guarantee that the topology of the
resulting extracted haptic isosurface will always match the
topology of the visual isosurface which is computed using
trilinear interpolation. Fig. 2e illustrates the phenomenon

(the parameters employed in this example are: d0 ¼ 0:64,
d1 ¼ 0:89; d2 ¼ 0:22; d3 ¼ 0:89; d4 ¼ 0:94; d5 ¼ 0:14; d6 ¼ 0:92,
d7 ¼ 0:1, t ¼ 0:69). H is represented in yellow and V in blue.
We can clearly see that for these particular density values in
C, H computed using BCC gives four local disconnected
components (Fig. 2e) instead of the two components corre-
sponding to V (Fig. 2d). As comparison, H obtained using
our TPBCC decomposition perfectly matches V’s topology
(Fig. 2f).

3.3 Dynamic Decomposition: TPTD

In order forH to have the same topology as V, we consider a
dynamic tetrahedral decomposition method which takes
into account the density values of C to dynamically deter-
mine the shape and size of each tetrahedron. This method,
called TPTD, was introduced by Sohn [26]. The main idea of
Sohn’s method is to insert what he refers to as saddle points
and connect them to the corner vertices of C to generate tet-
rahedra. The saddle points correspond to the points where
the gradient of the trilinear interpolant equals zero, i.e., sta-

tionary points of Fc and Ff , lying at the intersection of
monotonic density regions in C.

By placing tetrahedral vertices at saddle points, the trilin-
ear interpolation is guaranteed to be monotonic along the
edges of the resulting tetrahedra. Then, an edge of the
resulting tetrahedra intersects V if and only if it intersects
H, and it only intersects H once. As a result, the application
of MT on the resulting tetrahedra yields an isosurface with
the same topology as V.

To compute the position of the saddle points, it is conve-
nient to distinguish between C and its faces:

� A face saddle point sf in a face of C, if it exists, is a
point where:

@Ff

@x ðx; yÞ ¼ b0 þ d0y ¼ 0
@Ff

@y ðx; yÞ ¼ g 0 þ d0x ¼ 0:

(
(4)

Solving the previous system gives:

sf ¼ � g 0

d0
;� b0

d0

� �
: (5)

sf is a valid point if it lies inside the corresponding

face. sf is actually a point with three coordinates.
The missing one depends on the face considered to

compute sf .

Fig. 2. (a) Density values and axis orientation in a unit cell. (b) Decomposition of a cube into 6 � 4 ¼ 24 tetrahedra. Cube divided into six pyramids.
(c) Each pyramid divided into four tetrahedra. (d) Visual isosurface defined through trilinear interpolation. (e) Haptic isosurface extracted using
marching tetrahedra on a BCC lattice. (f) Our improved haptic isosurface, extracted using our novel topology-preserving decomposition TPBCC.
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� A cell saddle point sc inside C, if it exists, is a point
where:

@Fc

@x ðx; y; zÞ ¼ bþ �yþ hzþ ryz ¼ 0
@Fc

@y ðx; y; zÞ ¼ g þ �xþ nzþ rxz ¼ 0
@Fc

@z ðx; y; zÞ ¼ dþ hxþ nyþ rxy ¼ 0:

8><
>: (6)

This system of quadratic equations can be solved
by substitution. We obtain zero, one or two cell sad-
dle points (sc1 and sc2):

sc1;2 ¼
x1;2 ¼ � gþnz1;2

�þrz1;2

y1;2 ¼ V0þV1z1;2
V2

z1;2 ¼ � �
r
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2�ðr=V1Þð�V0 þbV2Þ

p
r

8>>><
>>>:

(7)

with V0 ¼ ðgh� d�Þ;V1 ¼ ðnh� drÞ;V2 ¼ ðn�� grÞ.
sc is a valid point if it actually lies inside C.

For example, let us consider the 2D case in Fig. 3 which
corresponds to a face case in C. Fig. 3a shows in blue the iso-
curve corresponding to an isovalue of t ¼ 0:28. The blue dot
represents the position of the saddle point for this particular
case. We can note that the saddle point lies at the intersec-
tion of two isolines (dotted lines), both with the same value,
corresponding to the interpolated density value (0:26) at the
saddle point position. For any value of t > 0:26, the corre-
sponding isocurve will lie in the region marked in purple.
Otherwise, the isocurve will lie in the region marked in tur-
quoise. Fig. 3b illustrates the result of the 2D decomposition
using the saddle point. The triangles representing the tetra-
hedra are shown in black and the extracted isocurve is
shown in orange. The extracted isocurve’s interior region,
i.e., the areas where the density values are greater than t, is
shown in orange as well. There are two distinct regions cor-
responding to the two distinct parts of the isocurve in blue.

For comparison, Fig. 3c illustrates the same case using a
BCC-like, 2D decomposition. The triangles are connected to

the center of the face which has an interpolated density
value of 0:35. The extracted isocurves corresponding to an
isovalue of t ¼ 0:28, shown in Fig. 3d, do not match the
topology of the real isocurve. In this case, the interior region
is incorrectly composed of a single component.

3.4 Combined Decomposition: TPBCC

TPTD guarantees to match the correct topology but yields
worse results in the simplest decomposition cases than
BCC. Indeed, TPTD introduces additional vertices only
when there exist saddle points in C. As illustrated in Fig. 4
and demonstrated in Section 5.1, this results in a smaller
number of tetrahedra per grid cell but also a worse isosur-
face approximation.

We introduce here a new approach, the TPBCC decom-
position, which combines the benefits of both BCC and
TPTD. The following paragraphs detail the set of rules to
partition C into tetrahedra. Each case is defined by the car-

dinality of sf and sc. Let sf ¼ cardðsfÞ and sc ¼ cardðscÞ be
the number of face and cube saddle points respectively. Let
Q refer to a tetrahedron and cardðQÞ refer to the maximum
number of tetrahedra after the decomposition. The six dif-
ferent cases are the following:

1) ðsf ¼ 0 and sc ¼ 0Þ ) cardðQÞ ¼ 24
With no saddle points at all, TPBCC performs a

BCC decomposition of C.
2) ðsf ¼ 1 and sc ¼ 0Þ ) cardðQÞ ¼ 20

For the only face containing a saddle point, vf is

placed at the position of sf . In this case, there is no

vc. C is divided into five pyramids, connecting sf to
the four corner vertices of each face except the one

containing sf . Each pyramid is then divided into
four tetrahedra.

3) ð2 � sf � 4 and sc ¼ 0Þ ) cardðQÞ ¼ 24
In this case, TPBCC performs a decomposition

similar to BCC. For each face with a saddle point, vf

is placed at the corresponding saddle point position.

For the other faces, vf stays at the center of the face. vc

is computed as the mean of the saddle points: vc ¼
1=sf �Psf

1 sf . In this case, C is divided into six pyra-
mids as in BCC, connecting vc to the faces ofC. Again,
each pyramid is then divided into four tetrahedra.

4) ð0 � sf � 4 and sc ¼ 1Þ ) cardðQÞ ¼ 24
Here, vc ¼ sc. Similarly to the previous case, for

each face with a saddle point, vf is placed at the cor-
responding saddle point position and for the other
faces the vertices are placed at their centers. C is

Fig. 3. 2D illustration of the properties of saddle points for isocurve
extraction.

Fig. 4. Zoom on an extracted isosurface on the visible male model, see
Fig. 10c. On the left, using BCC decomposition, and on the right, using
TPTD.
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divided into six pyramids, each one later subdivided
into four tetrahedra.

5) ðsf ¼ 6 and sc ¼ 0)) cardðQÞ ¼ 28
A diamond is created by connecting the six face

saddle points. A vertex is placed inside the diamond,
at the mean of the six face saddle points: vc ¼
1=6 �P6

1 s
f . The diamond is decomposed into eight

tetrahedraTwelve tetrahedra are created by connect-
ing the two vertices of each of the 12 edges of C and
the two face saddle points on the two faces which
share that edge. Eight tetrahedra are created by con-
necting each of the eight faces in the diamond and a
corresponding corner vertex of C.

6) ðsf ¼ 6 and 1 � sc � 2)) cardðQÞ ¼ 30
First, we consider the case of sc ¼ 2. It generates

two pyramids, two polyhedra of type I and two poly-
hedra of type II shown in Fig. 5. The pyramids and
polyhedra are further decomposed into tetrahedra.
The pyramids and polyhedra of each type always cor-
respond to faces parallel to each other. The faces f ofC
are sorted according to the density value associated

with the saddle point they contain: dðsf1Þ � dðsf2Þ
� � � � � dðsf6Þ ! f1 � f2 � � � � � f6. Likewise, the two
interior saddle points are also classified as scmin and
scmax according to their associated density values. We
first create the two pyramids connecting scmin to f1 and
scmax to f6. Let vmin be the vertex of C adjacent to
f1; f2; f3 and vmax be the one for f4; f5; f6. We first
check which type of polyhedron should be used to
connect f2 and f5 to scmin and scmax. If the projection of
scmin on f2 is closer to vmin than the projection of scmax

on f2, then the polyhedra associated with f2 and f5 are
of type I and the polyhedra associated with f3 and f4
are of type II. Otherwise, it is the contrary. The four
polyhedra must be decomposed into tetrahedra in a
way such that vmin should not be connected to the scmax

and vmax should not be connected to scmin. For the type
I polyhedra, the decomposition is unequivocal. For the
type II polyhedra, as illustrated in Fig. 5, it is necessary
to choose between two possible opposite vertices to
create the fifth tetrahedron. For f1; f2; f3, the correct
vertex is the one not included in f1. Similarly, for f4;
f5; f6, the correct vertex is the one not included in f6.

In the case sc ¼ 1, we consider as if scmin or scmax

moves to a face saddle point of a pyramid that is con-
nected to the cell saddle point and hence the pyramid
is collapsed. In this case, the pair of parallel faces to
form the pyramids are chosen such that the face saddle
point of the collapsed pyramid should not be f1 or f6.

Those six cases deal with all the possible combinations
considering the following properties are always true:
i) 0 � sf � 6 and 0 � sc � 2 ii) sf 6¼ 5 iii) sc 6¼ 2 unless

sf ¼ 6. All the possible isosurface topologies of the trilinear
interpolant and their associated tetrahedral decomposition
are illustrated in Fig. 11. This figure shows how the 30 cases
that usually have to be distinguished in MC are recon-
structed using TPBCC (we do not show the case where there
is no isosurface in the cube). The haptic isosurface is shown
in yellow and its equivalent visual isosurface in blue. We
use the same notation as in [9] and [21]: the first label num-
ber denotes the original MC case number, the second indi-
cates the number of faces with an ambiguity and the third
the resolution of an interior ambiguity.

3.5 Isosurface Extraction in a Tetrahedron

Once C is partitioned into tetrahedra, barycentric interpo-
lation allows us to compute the portion of H inside each
tetrahedron Q. The barycentric coordinates ðu1; u2; u3; u4Þ
of any point p ¼ ðx; y; zÞ 2 Q can be computed by the
following equation:

u1; u2; u3; u4ð ÞT¼ A�1 � x; y; z; 1ð ÞT ; (8)

where the columns of the matrix A are the homogeneous
coordinates of the four vertices of Q. Thus, density values at
point p can be interpolated as:

dðpÞ ¼
X4
i¼1

uidi; (9)

where ðd1; d2; d3; d4Þ are the densities associated with the
vertices of Q.

The gradient of an interpolated scalar field is constant
when using barycentric coordinates to interpolate the scalar
field inside a tetrahedron. The gradient at any point
p ¼ ðx; y; zÞ 2 Q is constant and orthogonal to all the isosur-

faces. For A�1 ¼ ai;j
� �

, the local gradient can be computed

by means of the following equation:

gradðpÞ ¼
X4
i¼1

ai;1 � di;
X4
i¼1

ai;2 � di;
X4
i¼1

ai;3 � di
 !T

: (10)

In the static decomposition case (BCC), A�1 can be precom-
puted only once because the position of all the vertices of all
the tetrahedra in C are known in advance. However, in the

dynamic case (TPBCC), A�1 must be dynamically com-
puted. Since the gradient is constant, all the isosurfaces
inside a particular tetrahedron are parallel to each other.
The scalar field being continuous, a continuous modification
on t produces a continuous change onH itself, a key feature
for the exploration of volumetric datasets.

A MT approach extracts the isosurface locally on each
tetrahedron, i.e., finding the points inside the tetrahedron
where densities match a specified value of the isovalue t as
illustrated in Fig. 6. The algorithm computes the intersection
between the interpolated isosurface and the edges of Q.
Those intersection points are arranged in triangles or quad-
rangles. The whole isosurface can be reconstructed simply

Fig. 5. Polyhedra in TPBCC.
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by connecting the triangles and the quadrangles of different
tetrahedra by their common edges.

4 CONSTRAINT-BASED HAPTIC RENDERING

Proxy-based three-Degree-Of-Freedom (DoF) haptic render-
ing algorithms take as input the position of a haptic device,
transform it into the corresponding position in the reference
system of the 3D dataset, i.e., the HIP (also commonly
referred to as probe), compute a force value based on this
HIP position, and then display this force to the user. The fol-
lowing paragraphs first present a general description of our
algorithm, which was already introduced in our earlier work
[11]. Then the details about the CCD with the tetrahedral
mesh, designed to ensure a robust constraint-based haptic
rendering, are presented. Finally, we describe a novel contri-
bution of this paper, the visual surface contact point, which
ensures that visual and haptic feedback are consistent.

4.1 Description of the Algorithm

At every haptic update step, the haptic rendering algorithm
must determine the next position of a Surface Contact Point
(SCPH) (previously referred as proxy). The subscriptH indi-
cates that the surface corresponds to the extracted isosurface
H. Force feedback f is computed proportional to the separa-
tion between theHIP and the SCPH:

f ¼ k � ðSCPH �HIPÞ (11)

Our algorithm fits the family of constraint-based haptic
rendering because the position of the SCPH satisfies surface
constraints at all times. These constraints maintain the
SCPH in contact with a target isosurface. In this implemen-
tation, even if it is visually represented as a small sphere,
the SCPH is effectively a point (with no radius).

When an isosurface corresponding to a specific isovalue
exists in a tetrahedron containing the SCPH, the isosurface
defines a constraint plane which restrains the movement of
the SCPH. Thanks to the locality of volume haptic render-
ing, it is not necessary to extract the full isosurface. Only a
local representation is dynamically extracted. The constraint
plane’s normal is given by the negative gradient Eq. (10) of
the scalar field inside the tetrahedron. The next SCPH posi-
tion is computed using an iterative algorithm. At each itera-
tion, the SCPH moves from tetrahedron to tetrahedron until
reaching its final position. This guarantees the SCPH to
never fall through the isosurface. This algorithm determines
the SCPH position in OðnÞwhere n is the number of tetrahe-
dra crossed by the SCPH while updated.

Each iteration combines three steps:

1) The first step looks for the target isosurface. It starts
by creating a list referencing all the tetrahedra which
contain the current SCPH. They constitute the active
tetrahedra list. Then, the algorithm verifies, among
all those tetrahedra, if there exists an isosurface cor-
responding to the currently specified isovalue. Each
local piece of the isosurface defines a constraint.

2) The second step determines the goal position, i.e., the
closest point to the Haptic Interface Point (HIP)
which satisfies all the constraints. The algorithm takes
into account two modes: the Free Mode and the Con-
strainedMode. The former is themode set at the begin-
ning of the simulation. It corresponds to the situation
in which the SCPH does not touch the isosurface. The
latter is activatedwhen the SCPH is in contact with an
isosurface and has therefore its motion constrained:
� In Free Mode, the algorithm determines the inter-

section between the segment that joins the SCPH

and the HIP and the previously computed con-
straints (in this case, the constraints refer to the
portion of the isosurface which is inside a tetra-
hedron). If the intersection point was outside of
the current tetrahedron or if there was no isosur-
face in any of the active tetrahedra, the goal posi-
tion is set to the HIP position. Otherwise, the
SCPH is updated to the intersection point and
the algorithm switches to the Constrained Mode.
The third step is skipped, no goal is computed.

� In Constrained Mode, the algorithm sets the goal
to a position as close as possible to the HIP, but
respecting all the constraints previously deter-
mined. In this stage, the algorithm proposed by
Ruspini et al. [39] can be used to solve the multi-
ple constraint problem.

3) The third step first executes the CCD query to
update the SCPH, see Section 4.2. Then, it detects if
the SCPH has been displaced into a zone with a
lower density value. This would mean that the user
is moving away from the selected isosurface. In this
situation, the algorithm switches back to the Free
Mode. Finally, the algorithm checks if the last
updated goal corresponds to the last updated SCPH.
In this case, the last SCPH position is the output and
the algorithm ends.

A pseudo-code of the algorithm is outlined in Fig. 8.
Fig. 7 is a step by step 2D illustration of the algorithm, i.e.,
how the SCPH is updated until it reaches its final position
corresponding to the last goal position. Again, V, shown for
an isovalue t ¼ 0:55, is represented by the blue curve. The
linear piecewise orange curve represents H . Each step cor-
responds to a SCPH position. The algorithm starts in Free
Mode and stays in the same mode in the first step (SCPH 1).
From step two to four (SCPH 4) the algorithm is is in the
Constrained Mode. The final position onH is “final SCPH”.

4.2 CCD Query with Isosurfaces on
Tetrahedral Meshes

The original constraint-based haptic rendering algorithm by
Ruspini [39] performed CCD based on ray-intersections

Fig. 6. Isosurfaces corresponding to t ¼ 0:3; t ¼ 0:5; and t ¼ 0:7 in a
tetrahedron.
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against an explicit triangle mesh. In our case, due to the use
of a dynamically created isosurface, we have designed an
algorithm that walks along the tetrahedral mesh. Tetrahe-
dron boundaries are the only places where the isosurface
might change its normal.

As summarized in Section 3, our isosurface definition
based on a tetrahedral mesh allows us to compute the iso-
surface locally in an efficient manner, and we can guarantee
that the isosurface is globally closed and continuous. The
robustness of our haptic rendering algorithm is achieved by
moving the SCPH in an iterative manner, one cell and one
tetrahedron at a time. In this way, the proxy never crosses
the isosurface. CCD first determines if the segment defined
by the SCPH and the goal intersects the tetrahedral mesh. If
it does, the SCPH is placed at the intersection point. Other-
wise, the SCPH is placed at the goal position.

The CCD step ensures robustness compared to algorithms
whose definition of the isosurface is based only on the local
gradient. Indeed, those algorithms update the SCPH position
taking into account the constraints defined by the gradient at
the SCPH position, but do not ensure that the SCPH does not
cross the isosurface. These errors are avoided by our algo-
rithm using CCD and the iterative update of the SCPH.

4.3 Visual Surface Contact Point on V
SCPH can be computed fast, avoid fall-through issues and
follow the topology of V. However, displaying SCPH may
lead to some visual artifacts specially due to the small gap
between H and V, and SCPH may appear either floating or
penetrating the visual isosurface V even if the user perceives
a contact force. In order to increase visuohaptic consistency,
we compute a Visual Surface Contact Point (SCPV) on V.
With SCPV, the visual probe is displayed exactly in contact
with the visual isosurface V if and only if the SCPH detects
contact with the haptic isosurface H. Differences in the
actual location and orientation of the two isosurfaces cannot
be perceived in practice.

Let nE be the normal to H at the position of SCPH. nE is
interpolated using the normals at the vertices of the local
portion of H surrounding SCPH. SCPV is updated at the
intersection between the line defined by the normal to H at
the position of SCPH and V. SCPV is computed only when
the algorithm is in Constrained Mode. This intersection

problem is equivalent to finding the roots of a third order
polynomial. Fig. 1 illustrates the position of both SCPH and
SCPV corresponding to the currentHIP position. This figure
shows a 2D representation equivalent to a zoom in the inte-
rior of one grid cell of the volume data. This feature is par-
ticularly useful when the point of view is quite close to the
isosurface. SCPV is also illustrated in orange in Fig. 7.

It appears tempting to use SCPV for the computation of
force feedback, as opposed to SCPH. However, this choice
would produce wrong forces in cases where SCPV and
SCPH lie on separate sides of theHIP.

5 RESULTS

We evaluated three aspects of our haptic rendering algo-
rithm. A first test focuses on the accuracy of TPBCC con-
cerning the extraction of the haptic isosurface. A second test
demonstrates the robustness of our algorithm compared to
methods using the local gradient to constrain the Surface
Contact Point. Finally, the last test shows that our algorithm
meets the haptic framerate requirements to ensure a stable
force feedback.

Fig. 7. Step by step illustration of the haptic rendering algorithm.

Fig. 8. Pseudo code of the haptic rendering algorithm.
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5.1 Surface Reconstruction Accuracy

The notion of volumetric divergence is defined between two
closed surfaces. It is a simple and natural metric to evaluate
the closeness between two surfaces. As explained in [40],
the volumetric divergence between V and H is the volume
of region RD defined as:

RD ¼ Vin \Hout
� � [ Vout \Hin

� �
; (12)

where the superscripts in and out refer to the inside and
outside of the annotated isosurface respectively. We esti-
mate RD by voxelizing the input dataset at a resolution of
1000 � 1000 � 1000 and interpolating the density field with
the various reconstruction methods.

We evaluate RD in each one of the thirty cases shown in
Fig. 11 for the three extraction methods: BCC, TPTD and
TPBCC. The parameters employed in each evaluation as
well as the resulting value of RD are given in Table 4. For
each method, the maximum (max), mean (m) and standard
deviation (s) of RD over the thirty measurements are given
in Table 1.

In each case, RD is computed as a percentage value. We
can see that our proposed TPBCC method gives the smallest
RD value on average: 5:81 percent. In other words, TPBCC is
the method that globally best approximates V. Since the
data do not meet the assumption of normality, the non-
parametric Wilcoxon signed-rank test is applied to assess if
the mean ranks significantly differ. There is a significant dif-
ference between TPBCC and TPTD (Wð30Þ ¼ 1, Z ¼ �4:03,
r < 0:01, r ¼ 0:74), demonstrating that our modification
significantly improves TPTD. The difference between BCC
and TPBCC is not significant. However, BCC does not guar-
antee to preserve the topology in all cases. Those results
show that TPBCC is the method that both preserves the
topology and significantly reduces the deviation w.r.t. the
trilinear isosurface. A closer look at the values in Table 4
shows that the tendency is to have lower RD values with
BCC for the simpler cases but higher RD values in all the
cases 12 and 13. On the contrary, TPTD obtains relatively
low RD values for the cases 12 and 13 but much higher val-
ues in cases 1 and 2 for instance. TPBCC takes advantage of
the strengh of the other two methods where they best oper-
ate. Usually, simple cases (1 and 2 for example) are a lot

more frequent than complex cases (12 and 13 for example).
This natural favorable distribution ensures a smooth haptic
feedback during high point-of-view interaction schemes.
Moreover, more complex cases usually require more atten-
tion from the user, i.e., a closer point-of-view and smaller
displacements of Surface Contact Point. So once again, the
interaction will remain fluid.

5.2 Robustness Test

This evaluation consists of initializing the target isovalue
(0:53) as the one corresponding to the outer surface of the
cylinder and positioning the SCPH on the surface. The cylin-
der, Fig. 10a, has a radial distribution of its density, increas-
ing toward its center. The SCPH is repeatedly moved
around the cylinder without leaving its surface. At each iter-
ation, the density value at the position of the SCPH is
recorded. The results are compared with those obtained
with the common algorithm using GBID. Fig. 9 shows how
the original isovalue is robustly followed by our method,
while with GBID it slowly decreases at each iteration. This
is due to an accumulation of small unintentional fall-
through into the dataset. An improved method to GBID is
presented in [7], but it also defines the isosurface solely
based on the local gradient, and therefore, as shown in their
results, reduces drift but cannot prevent it.

5.3 Performance Evaluation

The evaluation of TPBCC is conducted on the datasets
shown in Fig. 10. Their characteristics are given in Table 2.
The “Cylinder” (Fig. 10a) is a synthetic dataset we gener-
ated, whereas the other ones are real datasets obtained
using diverse technologies such as confocal microscopy,
MRI or CT.

The evaluations are conducted on a PC with an i5 CPU
running at 3.00 Ghz and with 8 GB of RAM. The graphics
card is an NVIDIA GTX 670. The whole program is written
in C++. V is displayed using ray casting and deferred shad-
ing techniques implemented on openGL 4.2. We use a Phan-
tom Omni haptic device for force feedback.

The performance of the algorithm using TPBCC is evalu-
ated by measuring the haptic loop running time. The results
are summarized in Table 3. This table presents the mean

TABLE 1
Estimation of the Difference between V andH

Using BCC, TPTD, and TPBCC

Method BCC TPTD TPBCC

Rmax
D 18.66% 15.18% 12.40%

Rm
D 7.08% 7.95% 5.81%

Rs
D 4.83% 3.26% 3.13%

Fig. 9. Isovalue drift comparison between our method and GBID.

Fig. 10. Illustration of the datasets.
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time spent on the execution of the haptic loop in millisec-
onds (tm). The table also shows the mean velocity in centi-
meters per seconds of the HIP (vm) as well as the percentage
of time spent in Constrained Mode in percent (CM) . These
two last parameters demonstrate that the experiments were
conducted within a “normal” scenario of exploration and
interaction of the datasets. The user begins by translating

and rotating the dataset in order to find a zone of interest.
This exploration part is executed directly with the haptic
device. The algorithm is mainly in Free Mode during this
time. Once the zone of interest is located, the user adjusts t
value and starts to touch H. During this exploration part,
the algorithm is mainly in Constrained Mode.

The mean time depends on the grid resolution: the
higher the resolution, the more tetrahedra the SCPH has to
go through before reaching its final position. The mean time

TABLE 2
Datasets Characteristics

Reference Name and Source Dimensions Isovalue (t)

(a) Cylinder 100 � 100 � 30 0.12
(b) Daisy Particle? 192 � 180 � 168 0.02
(c) Visible Male? 128 � 256 � 256 0.12
(d) Lobster? 301 � 324 � 56 0.16
(e) Neuron?? 1024 � 1024 � 39 0.12
(f) Orange? 256 � 256 � 64 0.22

?http://lgdv.cs.fau.de/External/vollib/
??Instituto Cajal - Consejo Superior de Investigaciones Cient�ıficas (CSIC)

TABLE 3
Mean Running Time of the Haptic Rendering Algorithm

Volume: Cylinder Daisy Vis. male Lobster Neuron Orange

LR - tm 0.27 0.35 0.31 0.21 0.32 0.30
LR - vm 19.29 7.87 11.62 8.29 8.14 8.73
LR - CM 63.11% 75.03% 85.46% 76.22% 66.74% 82.50%
HR - tm 0.44 0.33 0.36 0.33 0.33 0.41
HR - vm 13.92 5.03 7.54 5.59 5.79 5.40
HR - CM 84.41% 67.86% 79.92% 74.20% 69.72% 73.55%

Fig. 11. All the decomposition cases. The visual isosurface V is shown in blue and the haptic isosurfaceH in yellow.
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also depends on the amplitude of the user motion. The
measurements shown in Table 3 were taken at two different
resolutions: a low resolution (LR) where a 1 mm displace-
ment of the haptic device corresponds to half a grid cell,
and a high resolution (HR) where a 1 mm displacement of
the haptic device corresponds to three grid cells.

The results demonstrate that the haptic loop meets the
1 kHz requirements for stable feedback in all the tested cases.

6 CONCLUSIONS AND FUTURE WORK

This paper presents a robust algorithm for haptic rendering
of 3D datasets based on dynamic extraction of isosurfaces.
The algorithm exploits tetrahedral mesh properties to define
a closed surface and surface constraints that are constant
within each tetrahedron. A new TPBCC isosurface extrac-
tion algorithm guarantees that the haptic isosurface matches
the topology of the visual isosurface. Using a proxy com-
bined with a constraint-based haptic rendering algorithm,
users perceive a smooth and stable representation of the
data. The algorithm goes one step further in improving the
consistency between the visual and haptic cues using a sec-
ondary Surface Contact Point updated in real time on the
visual isosurface according to the usual Surface Contact
Point position used to compute the force feedback. Several
tests showed that those improvements had a minor impact
on the running time of the algorithm, ensuring the smooth-
ness of the force feedback.

There are several directions for future work. We will
update the penetrability features presented in [11] to work
with our new implementation. With the improvements con-
cerning the topology of the isosurfaces, this algorithm is
now better suited for haptics tools targeting volumetric
datasets such as [41]. Finally, this work can easily be
extended into a 6-DoF haptic rendering algorithm.
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